Let G(V, E) be a graph with vertex set V and edge set E. For v ∈ V (G), the cycle trace of v is defined as the set of all vertices u ∈ V such that u and v belong to same cycle and is denoted by T G (v) . For u, v ∈ V , v is said to be cycle traced by u if v ∈ T G (u). A set S of vertices in a graph G(V, E) is called a cycle tracking set if for every vertex v ∈ V \ S, there exists a vertex u ∈ S such that v ∈ T G (u). For every pair of vertices u, v ∈ V , we say that u is related to v (u ∼ v) if u ∈ T G (v). A graph G(V,E) is said to be transitively tracked graph if the relation ∼ is transitive. This paper characterizes cycle tracking transitively tracked graphs and determine cycle tracking sets for such graphs.
The concept of cycle tracking set was introduced by Jalsiya and Raji Pilakkat [3] . For notation and graph theory terminology we in general follow [1, 8] . Let G(V, E) be a graph. For v ∈ V (G), the cycle trace (simply trace) of v is defined as the set of all vertices u ∈ V such that u and v belong to same cycle of G and is denoted by T G (v) . For u, v ∈ V , v is said to be cycle traced (or simply traced) by u if v ∈ T G (u). A set S of vertices in a graph G(V, E) is called a cycle tracking set if for every vertex v ∈ V \ S, there exists a vertex u ∈ S such that v ∈ T G (u). A cycle tracking set is a minimal cycle tracking set if no proper subset S ⊂ S is a cycle tracking set. The cycle tracking number τ(G) of a graph G is the minimum cardinality of a minimal cycle tracking set of G. The upper cycle tracking number T (G) of a graph G is the maximum cardinality of minimal cycle tracking set of G. A cycle tracking set with minimum cardinality is called a τ − set of G.
In [4] Jalsiya and Raji pilakkat introduced the concept of independent cycle tracking set. Two vertices u,v of a graph G are said to be trace independent if u / ∈ T G (v). A set S of vertices in a graph G(V, E) is called a trace independent set if any two vertices of S are trace independent in G. If a cycle tracking set S is trace independent then S is called independent cycle tracking set. The minimum cardinality of an independent cycle tracking set of G is the independent cycle tracking number and is denoted by τ i (G). The maximum cardinality of independent cycle tracking set of G is called the upper independent cycle tracking number and is denoted by T i (G).
A graph G(V,E) is said to be track connected if for every pair of vertices u, v ∈ V (G) there exists two internally disjoint paths connecting u and v. An induced subgraph of a graph G is said to be maximal track connected if it is not a proper subgraph of any track connected subgraph of G. A vertex is said to be trace f ree vertex if it belongs to no cycle. In this paper we characterizes transitively tracked graphs and determine cycle tracking set for such graphs. Through out this paper we consider simple finite and undirected graphs.
Transitive tracking Graph
In [3] Jalsiya and Raji pilakkat obtained the following result for track connected graph.
A generalization of the above theorem is possible for a particular type of graphs. Such graphs are introduced by introducing a relation ∼ on the vertex set V of a graph G as follows: For every pair of vertices u, v ∈ V , we say that u is related to v (u ∼ v) if u ∈ T G (v). Then ∼ is a reflexive and symmetric relation Definition 1.2. A graph G(V,E) is said to be transitively tracked graph if the relation ∼ is transitive. ie; for every triple of vertices u, v, w ∈ V , w ∈ T G (u) and u ∈ T G (v) implies w ∈ T G (v).
Every track connected graph is transitively tracked. G H Figure 1 . G is a transitively tracked graph but H is not. Conversely suppose that V (G) can be partitioned into V 1 ,V 2 , ...,V k such that the graph induced by each V i is a maximal track connected subgraph of G . Let u, v, w ∈ V (G) such that u ∈ T G (v) and w ∈ T G (u) . Then u, v ∈ V i for some i and u, w ∈ V j for some j. Since V i and V j are disjoint if i = j, we conclude that i = j. That is u,v,w belong to the same V i and hence w ∈ T G (v). Therefore G is a transitively tracked graph.
Transitively tracked graphs can be characterized as follows. Theorem 1.4. Let G be a graph. A necessary and sufficient condition for G to be a transitively tracked graph is that for any two vertices u and v of G , v ∈ T G (u) if and only if
Proof. Suppose G is a transitively tracked graph and
. Therefore G is a transitively tracked graph Corollary 1.5. Let S be a τ-set of a transitively tracked graph. 
Since H is track connected there exist two internally disjoint paths form u to v. That is u ∈ T G (v), a contradiction. 
By Lemma 1.6 the graph induced by T G (v) is a maximal track connected subgraph of G. Corollary 1.8. Let G be a transitively tracked graph and let H be a maximal track connected subgraph of G. Then for
Proof. Let G be a transitively tracked graph. Let H be a maximal track connected subgraph of G. Let v ∈ V (H). Since H is track connected, H is a subgraph of the graph induced by T G (v). Since G is transitively tracked the graph induced by T G (v) is a track connected subgraph of G. By maximality of H, V (H) = T G (v). Since v is arbitrary T G (v) = V (H) for every vertex in V (H). Proof. Let G be a transitively tracked graph and let S be any cycle tracking set of G. Let v be a vertex of G. Then there exists a vertex u in S such that v ∈ T G (u). Then by theorem
Then there exist a vertex x ∈ S \ {u} such that w ∈ T G (x) Proof. Let G(V, E) be a transitively tracked graph and v ∈ V . Let S * be a cycle tracking set containing v with pt[v, S * ] = {v}. Let S be any cycle tracking set. Then there exists a vertex u ∈ S such that v ∈ T G (u). Since S * is a cycle tracing set there exists a vertex w ∈ S * such that u ∈ T G (w). Since G is transitively tracked v ∈ T G (w). 
(Otherwise there exist two internally disjoint paths from v 1 to v 4 . Since there is a path from v 1 to v 4 containing both v 2 and v 3 , and since v 2 and v 3 are cut vertices it is not possible.). Continuing in this manner we get a sequence of ver-
But it is not possible as G is a finite graph. So Proof. Let G(V, E) be a graph. Suppose t = T = n. Then T G (v) = V for all v ∈ V . That is for every u, v ∈ G, u and v belong to same cycle and hence there exist two distinct paths from u to v. So G is track connected. Conversely suppose that G is track connected. Then there exist two distinct paths from any two vertices u to v. That is u and v belong to a common cycle and hence T G (v) = V for all v ∈ V . Thus t = T = n. Definition 1.29. We call a vertex that is contained in some τ− set of a graph G is a trace good vertex, otherwise it is a trace bad vertex. Let gt(G) (respectively, bt(G)) denote the number of trace good (respectively,trace bad) vertices in a graph G.
Definition 1.30.
A graph G is τ-excellent if each of its vertex belongs to some τ-set of G.
i.e if G is τ-excellent then g(G) = n. Theorem 1.31. If a graph G is transitively traced then G is trace excellent.
Proof. Let G be a transitively tracked graph. Let S be a τ− set of G. let v ∈ V . Then there exists a u ∈ S such that u ∈ T G (v). Since G is transitively tracked T G (u) = T G (v). Hence S \ {u} ∪ {v} is a τ−set containing v. Since v is arbitrary G is trace excellent.
The converse may not be true. C 5 • K 2 is trace excellent but not transitively tracked. Proof. Let G be a transitively tracked graph. Let S be a minimal cycle tracking set of G. Let v ∈ V (G). Then there exist a vertex u ∈ S such that v ∈ T G (u). Hence |T G (v)∩S| ≥ 1. If possible assume that there are two vertices w 1 , w 2 ∈ T G (v) ∩ S. Then by Theorem 1.4 T G (w 1 ) = T G (w 2 ) = T G (v). Then S \ w 1 form a cycle tracking set of G,a contradiction to the minimality of S. So |T G (v) ∩ S| = 1.
